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Abstract
In this paper, we apply Langlands–Shahidi method to exceptional groups, with the assumption that the
cuspidal representations have one spherical tempered component. A basic idea is to use the fact that the local
components of residual automorphic representations are unitary representations, and use the classification
of the unitary dual. We prove non-unitarity of certain spherical representations of exceptional groups. We
need to divide into five different cases, and in two cases we can prove that the completed L-functions are
holomorphic except possibly at 0, 1/2, 1 under some local assumptions.
© 2007 Elsevier Inc. All rights reserved.
0. Introduction
The purpose of this note is to continue the study of automorphic L-functions which appear in
the constant term of Eisenstein series with the assumption that the cuspidal representations have
one spherical tempered component. Due to the normalization of the cuspidal representations in
Section 1, we can assume that poles of these L-functions are on the real axis. In [Ki2], we ap-
plied the Langlands–Shahidi method to split classical groups. Especially, we showed that the
Rankin–Selberg L-functions of generic cuspidal representations of GLk × SO2l+1 are holomor-
phic except possibly at s = 0, 12 ,1, if the cuspidal representations have one spherical tempered
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H.H. Kim / Journal of Number Theory 128 (2008) 354–376 355local component. In [Ki-Sh2], we showed by the same technique that the third symmetric power
L-functions of non-monomial cuspidal representations of GL2 are entire. In this paper, we apply
the same technique to the case of exceptional groups. In Section 2, we put together from the list
in [La] and [Sh1] all the L-functions which show up in the constant term of Eisenstein series
for split exceptional groups. In [Ki3], we made these L-functions explicit and proved Assump-
tion (A) in many cases, regarding the holomorphy of normalized local intertwining operators (see
Section 1).
As in [Ki2], a basic idea is to use the fact that the local components of residual automorphic
representation are unitary representations, and use the classification of the unitary dual. Unfortu-
nately, a complete classification of spherical unitary dual is not known, except for split classical
groups due to Barbasch and Moy [B-M1]. However, we can show directly that the quotient of the
induced representation I (s, σv), where σv is a spherical tempered representation, is not unitary
for Re(s) > 1, and thus we can prove in all cases that all the partial L-functions are holomorphic
for s > 1 if the cuspidal representations have one spherical tempered local components.
In order to study for the region 12 < s < 1, we need to divide into five cases: (1) dim r2 = 1;(2) parabolic cases; (3) endoscopic cases; (4) dim r2 > 1 and the second L-functions come from
non-self-conjugate cases; (5) m = 1. “Parabolic cases” are those cases where the second L-
functions come from the Levi subgroups. “Endoscopic cases” are those cases where the second
L-functions come from endoscopic groups. (See Proposition 4.5 for precise definitions.) We are
able to prove, for the first two cases, namely, dim r2 = 1 and parabolic cases, that the first L-
functions are holomorphic except possibly at s = 0, 12 ,1 if the cuspidal representations have one
tempered spherical local components. For this, we obtain a part of spherical unitary dual for
exceptional groups, and apply it in our situation. Namely, in those two cases, we show that if
σv is a spherical tempered representation, I (s, σv) is not unitary for 12 < s < 1. However, for
the endoscopic cases and the cases where the second L-functions come from non-self-conjugate
cases, I (s, σv) can be unitary for 12 < s < 1.
In Section 8, we examine the general case, namely, what can be said when we remove the con-
dition that a cuspidal representation has one tempered spherical component. We expect to prove
in this general case that the L-functions are holomorphic for s > 1 by unitary dual argument. In-
deed, we have proved it in the case of the Rankin–Selberg L-function of GLk × SO2l+1 in [Ki5].
Here we prove that the Rankin–Selberg L-function of GLk ×Gl is holomorphic for s > 1, where
Gl = Sp2l or SO2l . However, we cannot prove the holomorphy of the L-functions for 12 < s < 1just by unitary dual argument (see Remark after Proposition 3.3 in [Ki4]). The functorial lift
gives the stronger result that the Rankin–Selberg L-function of GLk ×Gl is holomorphic except
possibly at s = 0,1 [CKPSS].
More generally, we expect that when the theory of Eisenstein series of Kac–Moody groups
is developed, Langlands–Shahidi theory will extend to those groups, and hence will produce all
Langlands’ L-functions that we need in order to obtain the functorial lift. Once the functorial lift
is obtained, the holomorphy of the L-functions for s > 1 enables us to prove that the functorial
lift is of the form Indσ1 ⊗ · · · ⊗ σp , where σi ’s are cuspidal representations of GLki , and hence
the holomorphy of the L-functions for 12  s < 1 follows immediately from the property of the
Rankin–Selberg L-functions of GLa × GLb .
In [Ki-Sh3], we applied the unitary dual technique, assuming that a cuspidal representation of
the Levi subgroup has one supercuspidal component, since the unitary dual is completely clas-
sified [Sh2] for those representations induced from supercuspidal representations. In particular
we proved that when there are at least two L-functions in the constant term of the Eisenstein
series, the first L-function is entire if the second L-function has a pole. A typical example is
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representations have one supercuspidal component.
Finally, we should remark that the criterion for the pole of the L-functions at s = 1 remains
to be done. The integral representation technique may provide some answers to this question.
Indeed there are some progress on this question. Namely, Jacquet, Shalika, Rallis, Ginzburg,
D. Jiang and others have proved that the L-functions have a pole at s = 1 if and only if certain
period integrals are not zero. Moreover, Shahidi [Sh3] and his collaborators have been working
on this question at least locally, using the theory of twisted endoscopy.
1. Preliminaries
We review the notations from [Ki1]. Let G be a split, simply-connected, semi-simple group
over a number field F with the ring of adeles A. Fix a Borel subgroup B, and write B = TU,
where T is a maximal torus and U denotes the unipotent radical of B. Let P = MN, N ⊂ U,
T ⊂ M, be a maximal parabolic subgroup, generated by θ = Δ−{α}, where Δ is the set of simple
roots. Then there exists a unique Weyl group element w0 such that w0θ ⊂ Δ and w0α < 0. We
say P is self-conjugate when w0θ = θ . Let M′ be the subgroup of G generated by w0θ , and P′,
the maximal parabolic subgroup which has M′ as its Levi factor and N′ ⊂ U as its unipotent
radical.
Let σ be a cuspidal representation of M(A). We may and will assume that the poles of Eisen-
stein series may be on the real axis by assuming that σ is trivial on A part of P(R), where
P(R) = M0AN is the Langlands decomposition. In the case of M = GLn, we can identify the A
part of P(R) with F+∞, where A∗F = I1 · F+∞ with I1 ideles of norm 1. So in this case the central
character ωσ of σ is trivial on F+∞.
For f ∈ I (s, σ ), let E(s,f, g,P ) be the Eisenstein series attached to (M, σ ) (see [CKM,
p. 129] for more details). Given a parabolic subgroup Q = MQNQ, the constant term of
E(s,f, g,P ) along NQ is zero if Q = P and Q = P′. If P is not self-conjugate, then
EN(s,f, g,P ) = f (g), EN ′(s, f, g,P ) = M(s,σ,w0)f (g).
If P is self-conjugate, then EN(s,f, g,P ) is a sum of the above two terms. Here M(s,σ,w0) is
the standard intertwining operator from the global induced representation I (s, σ ) to I (w0s,w0σ).
Let M(s,σ,w0) =⊗v A(s, σv,w0). We normalize the intertwining operator A(s,σv,w0) as fol-
lows:
A(s,σv,w0) = r(s, σv,w0)N(s, σv,w0),
r(s, σv,w0) =
m∏
i=1
L(is, σv, ri)
L(1 + is, σv, ri)(is, σv, ri ,ψv) . (1.1)
Let N(s,σ,w0) = ⊗v N(s, σv,w0), r(s, σ,w0) = ∏v r(s, σv,w0) and (s, σ, ri) =∏
v (s, σv, ri,ψv). Then we have, for f ∈ I (s, σ ),
M(s,σ,w0)f = r(s, σ,w0)N(s, σ,w0)f,
r(s, σ,w0) =
m∏ L(is, σ, ri)
L(1 + is, σ, ri)(is, σ, ri) . (1.2)
i=1
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is generic. Recall
Assumption (A). N(s,σv,w0) is holomorphic and non-zero for Re(s) 12 for any v.
We proved Assumption (A) for many cases in [Ki3, Theorem 4.11].
Denote the image of N(s,σv,w0) by J (s, σv). If σv is tempered, it is the usual Langlands’
quotient J (s, σv) (see [Ca-Sh] for precise references). But if σv is non-tempered, it is the Lang-
lands’ quotient from lower parabolic subgroups. Let J (s, σ ) =⊗v J (s, σv).
Let σ = ⊗v σv be a unitary cuspidal representation of M(A). Then each σv is a unitary
representation.
Observation 1.3. Suppose N(s,σv,w0) is holomorphic and non-zero at s = s0 for any v. If
r(s, σ,w0) has a pole at s = s0, then J (s0, σ ) =⊗v J (s0, σv) belongs to the residual spectrum
L2dis(G(F )\G(A))(M,σ), and in particular, each J (s0, σv) is unitary.
Our basic idea is, assuming that σv is tempered and spherical, to show that J (s, σv) is not
unitary for 12 < s < 1, s > 1. Then by the above observation, r(s, σ,w0) does not have a pole for
1
2 < s < 1, s > 1.
The following theorem was observed in [Ki-Sh3].
Theorem 1.4. Under Assumption (A), the L-function L(s,σ, ri) is entire for i  3.
2. List of L-functions
We combine the list in [La] and [Sh1] here for the cases to be studied, i.e., G is an exceptional
group of type F4,E6,E7,E8. There are total 23 cases. See [Ki3] for detailed calculations.
F4 case
F4-1: m = 4; Let σ, τ be cuspidal representations of GL2(A),GL3(A), respectively with
the central character ω1,ω2. Then r1 gives rise to L(s,σ × τ) which is entire; r2 gives rise
to L(s, (τ˜ ⊗ ω1) ⊗ σ,ρ3 ⊗ Sym2 ρ2). Note that the second L-function comes from considering
M = GL3 ×SL2 ⊂ Sp8, and τ ⊗σ0, a cuspidal representation of M(A), where σ0 is an irreducible
cuspidal component of σ |SL2(A).
F4-2: m = 3; Let σ, τ be cuspidal representations of GL3(A),GL2(A), respectively with
the central character ω1,ω2. Then r1 gives rise to L(s,σ ⊗ τ,Sym2 ρ3 ⊗ ρ2); r2 gives rise to
L(s, σ˜ ,Sym2 ρ3 ⊗ω21ω2).
(xviii) in [La]: m = 2; M = GSpin(7) ⊂ F4; dim r2 = 1; r1 is the 14-dimensional irreducible
representation of Sp6(C), called spherical harmonic.
(xxii) in [La]: m = 2; M = GSp6 ⊂ F4; r1 = 8-dimensional spin representation of Spin(7,C);
r2 gives rise to the standard L-function of GSp6 (degree 7 L-function).
E6 case
E6-1: m = 3; r1 gives rise to the triple L-function of GL3 × GL2 × GL3; r2 gives rise to the
standard L-function of GL3 × GL3.
E6-2: m = 2; r1 =∧2 ρ5 ⊗ρ2; r2 gives rise to the standard L-function of GL5 which is entire.
(x) in [La]: m = 2; A5 ⊂ E6; dim r2 = 1; r1 gives rise to the exterior cube L-function of
GL6(C) (20-dimensional irreducible representation of GL6(C)).
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was studied by Ginzburg [Gi1] with integral representations.
E7 case
E7-1: m = 4; r1 gives rise to the triple L-function of GL3 × GL2 × GL4; r2 comes from D6-3
case.
E7-2: m = 3; r1 =∧2 ρ5 ⊗ ρ3; r2 gives rise to the Rankin–Selberg L-function of GL5 × GL3
which is entire.
E7-3: m = 2; r1 = (16-dimensional half-spin representation of D5) ⊗ ρ2; r2 gives rise to the
standard L-function of D5.
E7-4: m = 3; r1 = ρ2 ⊗∧2 ρ6; r2 gives rise to the twisted exterior square L-function of GL6.
(xi) in [La]: m = 2; A6 ⊂ E7; r1 gives rise to the exterior cube L-function of GL7(C)
(35-dimensional representation of GL7(C)); r2 gives rise to the standard L-function of GL7
which is entire.
(xxvi) in [La]: m = 2; D6 ⊂ E7; dim r2 = 1; r1 = 32-dimensional half-spin representation
of D6. This was studied by Ginzburg [Gi1] with integral representations.
(xxx) in [La]: m = 1; E6 ⊂ E7; r1 gives rise to the standard L-function of E6. This was
studied by Ginzburg [Gi2] with integral representations.
E8 case
E8-1: m = 6; r1 gives rise to the triple L-function of GL3 × GL2 × GL5; r2 comes from E7-2
case.
E8-2: m = 5; r1 = ∧2 ρ5 ⊗ ρ4; r2 = ρ5 ⊗∧2 ρ4. This one was used [Ki3] to obtain the
functional equation of the 9th symmetric power L-function of GL2 and the 19 estimate for Hecke
eigenvalues.
E8-3: m = 4; r1 = (16-dimensional half-spin representation of D5) ⊗ ρ3; r2 gives rise to the
standard L-function of D5 × GL3.
E8-4: m = 3; r1 gives rise to the standard L-function of E6 ×GL2; r2 gives rise to the standard
L-function of E6 ((xxx) in [La] case).
E8-5: m = 4; r1 = ρ2 ⊗∧2 ρ7; r2 gives rise to the twisted exterior cube L-function of GL7.
(xiii) in [La]: m = 3; SL8 ⊂ E8; r1 = exterior cube L-function of GL8(C) (56-dimensional
representation of GL8(C)); r2 = exterior square L-function of GL8.
(xxviii) in [La]: m = 2; D7 ⊂ E8; r1 = 64-dimensional half-spin representation of D7;
r2 gives rise to the standard L-function of D7.
(xxxii) in [La]: m = 2; E7 ⊂ E8; dim r2 = 1; r1 gives rise to the standard L-function of E7.
This was studied by Ginzburg [Gi2] with integral representations.
Remark. In the above list, m = 1 only for the following two cases; (xxiv) in [La] (D5 ⊂ E6)
and (xxx) in [La] (E6 ⊂ E7). We have studied in [Ki1] the case of (xxiv) in [La] (D5 ⊂ E6). In
particular, we proved that the degree 16 spin representations of generic cuspidal representations
of SO10(A) are entire, if we assume Assumption (A). In Section 4.3 of [Ki3], we have remarked
that if we have the functorial lift from cuspidal representations of SO10 to GL10, then we would
have Assumption (A). Now we have the functorial lift [CKPSS]. Hence we have the result un-
conditionally that the degree 16 spin L-function of generic cuspidal representations of SO10(A)
are entire.
From now on we assume that m 2.
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For Re(s) > 1, we have a satisfactory result at least for partial L-functions. Recall the equality
[Ki3, (4.1)]:
M(s,σ,w0)f =
m∏
i=1
LS(is, σ, ri)
LS(1 + is, σ, ri)
⊗
u/∈S
f˜u
⊗
u∈S
A(s, σu,w0)fu, (3.1)
where S is a finite set of places including archimedean places such that σu is spherical for
u /∈ S, and f =⊗u fu is such that fu is the unique Ku-fixed function in I (s, σu) normalized
by fu(eu) = 1, and f˜u is the Ku-fixed function in I (−s,w0(σu)) normalized in the same way.
Also LS(s, σ, ri) =∏u/∈S L(s, σu, ri) is a partial L-function.
Lemma 3.1. Let σv be a spherical tempered representation of M(Fv). Then I (s, σv) is irre-
ducible for Re(s) > 1, and not unitary there.
Proof. In order to show that I (s, σv) is irreducible for Re(s) > 1, by the proof of [Ki-Sh4,
Proposition 4.1], we need to show that ∏mi=1 L(1 − is, σv, ri) is holomorphic for Re(s) > 1.
Here
L(s,σv, ri) =
∏
j
(
1 − αjq−sv
)−1
where |αj | = 1 since σv is tempered. Hence our result follows.
It is well known that I (s, σv) cannot be unitary for Re(s) 	 0. (We refer, for example, to
[Mu, Lemma 5.1] which states that the set of s ∈ C such that I (s, σv) has unitary subquotients,
is compact.) Since I (s, σv) remains irreducible at least up to Re(s) > 1, it cannot be unitary for
Re(s) > 1. (See the proof of [Mu, Theorem 5.1] using the argument of positive definite hermitian
form.) 
Proposition 3.2. Let σ be a globally generic cuspidal representation of M(A) which has one
spherical tempered component. Then the L-function LS(s, σ, ri) is holomorphic for Re(s) > 1
for each i.
Proof. By induction (see Proposition 4.1 below), it is enough to prove for i = 1. Let σv be a
spherical tempered component of σ . By Lemma 3.1 and Observation 1.3, M(s,σ,w0) is holo-
morphic at least up to Re(s) > 1. By (3.1) and the fact that A(s,σu,w0) is non-vanishing, the
partial L-function LS(s, σ, r1) is holomorphic for Re(s) > 1, since LS(s, σ, ri) is absolutely con-
vergent for Re(s) > 2 [Sh1] for each i. 
Corollary 3.3. (See [Ki-Sh6].) Let π be a cuspidal representation of GL2(A). Then the 9th
symmetric power L-function LS(s,π,Sym9) is holomorphic for Re(s) > 1.
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Sym4(π). Since π has infinitely many tempered local components due to Ramakrishnan,2 π1v ⊗
π2v has one tempered spherical local component. Our result follows. 
Under the local assumptions (see [Ki-Sh4, (3.6)]), we have proved that the local L-functions
L(s,σv, ri) and N(s,σv,w0) are holomorphic for Re(s)  1 [Ki3, Proposition 4.9]. So under
those local assumptions, the completed L-function L(s,σ, ri) is holomorphic for Re(s) > 1.
Remark 3.4. If w0σ 
 σ , then one can prove [Ki-Sh3] that LS(s, σ, ri) is holomorphic for
Re(s)  12 , and non-vanishing for Re(s)  1. However, if w0σ 
 σ , we cannot prove in gen-
eral that LS(s, σ, ri) is non-vanishing for Re(s) 1.
4. Certain unitary dual
Recall the following induction step.
Proposition 4.1. Let F be a number field. Let G be a quasisplit connected reductive group
over F . Let P = MN be a standard maximal parabolic subgroup of G with respect to a F -Borel
subgroup B. Let σ be a globally generic cuspidal representation of M(A). Let r =⊕mi=1 ri be
the adjoint action of LM on Ln as before. Then for each i, 2  i  m, there exists a quasisplit
connected reductive F -group Gi , a maximal F -parabolic subgroup Pi = MiNi of Gi , a globally
generic cuspidal representation σ ′ of Mi (A), such that, if the adjoint action r ′ of LMi on Lni
decomposes as r ′ =⊕m′j=1 r ′j , then
L(s,σ, ri) = L
(
s, σ ′, r ′1
)
.
Theorem 4.2. Suppose dim r2 = 1. There are the 4 cases: (xviii) in [La] (B3 ⊂ F4), (x) in [La]
(A5 ⊂ E6), (xxvi) in [La] (D6 ⊂ E7), (xxxii) in [La] (E7 ⊂ E8). Suppose σ =⊗σv is a glob-
ally generic cuspidal representation of M(A), and σv is a spherical tempered representation
of M(Fv). Then if L(s,σv, r2) has a pole at s = 0, then I (s, σv) is not unitary for s > 12 , s = 1.
Remark. It is enough to specify Dynkin diagram type since we are assuming that they are split
and simply connected. The local coefficients and γ -factors depend only on derived groups.
Proof. Use Vogan’s signature theorem [Vo]: Since L(s,σv, r2) has a pole at s = 0, the induced
representation I (s, σv) is reducible at s = 12 . Look at Jantzen filtration at s = 12 ; Let V be the
induced representation space of I (s, σv). Since the intertwining operator has a zero of order 1 at
the kernel, the filtration is
V = V0 ⊃ V1 ⊃ V2 = 0,
where V1 is the kernel of the intertwining operator and V0/V1 is the Langlands’ quotient.
Let (pi, qi) be the signature of Vi , i = 0,1. Then the signature at the interval 0 < s < 12 is
2 See [Ki-Sh2] for the precise statement and its use. In fact, the lower Dirichlet density of tempered places is greater
than 3435 [Ki-Sh5].
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or [Mu]). Suppose first that I (0, σv) is irreducible. Then I (s, σv) is unitary for 0 < s < 12 . Hence
p1 = 0 and q0 = 0 (or p0 = 0, q1 = 0). It follows that p0 > 0, q1 > 0 (or p1 > 0, q0 > 0, respec-
tively) since the kernel of the intertwining operator is non-trivial. Hence I (s, σv) is not unitary
for 12 < s < 1.
Suppose I (0, σv) is reducible. It may happen due to the existence of non-trivial R-group [Ke]
in the case of simply-connected groups of type E6 and E7. In that case, we use the result of
[Li, Lemma 2.3]: Let G be a simply-connected group of type E6 or E7, and G′ be its adjoint
group. Let T ⊂ M be the maximal parabolic subgroup in G, and T′ ⊂ M′ be the correspond-
ing one in G′. Let B,B′ be Borel subgroups in G,G′, respectively. We have a central isogeny
ρ : G → G′. It defines a dual map Lρ :LG′ → LG. Since σv is spherical, σv ↪→ IndMB∩M χ for
an unramified character χ . Then IG(s, σv) ↪→ IndGB χ ⊗ exp〈sα˜,HB( )〉. (See below Proposi-
tion 4.5 for induction in stages. Since we are dealing with two groups G,G′, we denote I (s, σv)
by IG(s, σv).) We define an unramified character χ ′ of T′(Fv) by χ ′(t ′) = χ(φ(t)). Let σ ′v
be the unique spherical component of IndM ′B ′∩M ′ χ ′. (In fact, IndM
′
B ′∩M ′ χ ′ is irreducible.) Then
clearly, IG′(s, σ ′v) ↪→ IndGB χ ′ ⊗ exp〈sα˜,HB( )〉. Also L(s,σv, r2) = L(s,σ ′v, r2 ◦Lρ). Then [Li,
Lemma 2.3] says that IG(s, σv) is unitary if and only if IG′(s, σ ′v) is unitary. Now since G′ is
adjoint, IG′(0, σ ′v) is irreducible. Also L(s,σ ′v, r2 ◦Lρ) = L(s,σv, r2) has a pole at s = 0. Hence
by the above argument, IG′(s, σ ′v) is not unitary for s > 12 , s = 1. Hence the same is true for
IG(s, σv). 
Recall the following proposition from [Mu].
Proposition 4.3. Let M be a Levi subgroup of G over a local field F and π be a hermitian
representation of M(F ). If IndGM π is an irreducible unitary representation, then π is a unitary
representation.
Proposition 4.4. Suppose dim r2 > 1. Then M2 is a non-self-conjugate maximal Levi subgroup
of G2, precisely for the following three cases: E6-2 (G2 = A5, M2 = A4); E7-2 (G2 = A7,
M2 = A4 × A2); (xi) in [La] (A6 ⊂ E7;G2 = A7,M2 = A6). (Note that in the first case, G2 is
embedded in the Dynkin diagram of E6; in last two cases, G2 is A7 which cannot be embedded
in E7. But it is embedded in an extended Dynkin diagram of E7.) In these cases, L(s,σ, r2) is
always entire for all σ .
Proof. In each of the three cases, L(s,σ, r2) is Rankin–Selberg L-function for GL5,GL5 ×
GL3, and for GL7, respectively. So by the well-known result (see, for example, [Ki1]), they are
entire. 
Remark. Since we are not dealing with the exceptional group of type G2, we hope that the use
of G2 does not cause confusion.
Proposition 4.5. In the setting of Proposition 4.1, suppose dim r2 > 1 and M2 is a self-conjugate
Levi subgroup of G2. There are two cases:
(1) The Dynkin diagram of G2 can be embedded in the Dynkin diagram of G. Here G2 is a
maximal Levi subgroup of G and the derived group of M2 is a factor of the derived group
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M2 = A2 ×A2), E7-1 (G2 = D6, M2 = A2 ×A3), E7-3 (G2 = D6, M2 = D5), E7-4 (G2 =
D6, M2 = A5), E8-1 (G2 = E7, M2 = A4 × A2), E8-4 (G2 = E7, M2 = E6), E8-5 (G2 =
E7, M2 = A6), F4-2 (G2 = B3, M2 = A2).
(2) Otherwise, the Dynkin diagram of LG2 can be embedded in an extended Dynkin diagram
of LG. We call these “endoscopic cases,” which are the following 6 cases: F4-1 (G2 = Sp8,
M2 = GL3 × SL2); (xxii) in [La] (C3 ⊂ F4; G2 = C4,M2 = C3); (xiii) in [La] (A7 ⊂ E8;
G2 = D8, M2 = A7); (xxviii) in [La] (D7 ⊂ E8; G2 = D8, M2 = D7); E8-2 (G2 = D8,
M2 = A4 ×A3); and E8-3 (G2 = D8, M2 = A2 ×D5).
Proof. Examine the list in Section 2. 
In order to state the next proposition, we need to recall some results on inducing in stages [Li].
Let πv be a spherical representation of M(Fv), and P = MN be a maximal parabolic subgroup
of G. Let χ be the unramified quasi-character of T(Fv), such that πv ↪→ IndMB∩M χ . We can write
χ = exp〈Λ0,HB∩M( )〉 in the notation of [Sh1]. Then
I (s,πv) = IndGP πv ⊗ exp
〈
sα˜,HP ( )
〉
↪→ IndGB exp
〈
sα˜ +Λ0,HB( )
〉
.
For simplicity, let us write IndGB exp〈sα˜ +Λ0,HB( )〉 = IndGB (sα˜ +Λ0).
Now let IndGB (Λ) be a principal series representation, and let P′ = M′N′ be a maximal par-
abolic subgroup. Let α˜M ′ correspond the pair (G,M′). Let M′′ ⊂ M′ be a maximal parabolic
subgroup, and let α˜M ′′ correspond to the pair (M′,M′′). Let us write Λ = sα˜M ′′ +Λ′. Then
IndGB (sα˜M ′′ +Λ′) = IndGM ′
(
IM
′
M ′′(s,π)
)
,
where IM ′
M ′′(s,π) = IndM
′
M ′′ π ⊗ exp〈sα˜M ′′ ,HM ′′( )〉, and π = IndM
′′
M ′′∩B exp〈Λ′,HB( )〉.
Proposition 4.6. Suppose (G2,M2) is a parabolic case in Proposition 4.5.
(1) Let σv be a spherical tempered local component of σ . Let I (s, σv) = IndGB (sα˜ + Λ0). Then
there exists a Weyl group element w˜ such that for s = 12 ,1,
IndGB (sα˜ +Λ0) 
 IndGB w˜(sα˜ +Λ0) 
 IndGG2 IndG2M2
(
2s, σ ′v
)
,
where σ ′v = IndM2B∩M2 w˜(Λ0).
(2) Suppose w0σv 
 σv . Then IndG2M2(2s, σ ′v) is a hermitian representation, and I (s, σv) is not
unitary for s > 12 , s = 1.
Proof. For (1), we need to take w˜ to be such that the derived group of M2 corresponds to the iso-
morphic image of the factor of the derived group of M, and such that (w˜α˜, α˜G2) = 0, where α˜G2
corresponds to the pair (G,G2) and w˜α˜ = 2α˜M2 , where α˜M2 corresponds to the pair (G2,M2).
We find such w˜ in Section 6 by case by case analysis.
For (2), we need the following well-known lemma (see, for example, [Ca, p. 28]):
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that w(v) = v. Then w ∈ Wθ , where θ is the set of roots in Δ orthogonal to v.
Let w0,M2 be the Weyl group element which corresponds to the pair (G2,M2). Then we
have w0,M2 α˜M2 = −α˜M2 . Also since w0α˜ = −α˜, w˜w0w˜−1α˜M2 = −α˜M2 . Note that α˜M2 is a
fundamental weight, and hence it satisfies the condition in the above lemma. Hence w˜w0w˜−1 =
w0,M2w, where w is a Weyl group element in M2. Since wσ ′v 
 σ ′v , we see that w0,M2σ ′v 
 σ ′v .
Hence IndG2M2(2s, σ
′
v) is a hermitian representation.
By [Ca-Sh] (see Lemma 3.1), I (s, σv) is reducible for Re(s) > 0 if and only if
∏m
i=1 L(1 −
is, σv, ri) has a pole. Since σv is tempered, L(s,σv, ri) =∏j (1 − αjq−sv )−1 where |αj | = 1.
Hence I (s, σv) is irreducible for Re(s) > 12 , except possibly at Re(s) = 1. Since IndG2M2(2s, σ ′v) is
not unitary for s > 12 by Lemma 3.1, by the equivalences in (1), I (s, σv) is not unitary for s > 12 ,
s = 1. 
Remark. Notice that in Proposition 4.6 (parabolic cases), I (s, σv) is always non-unitary for
1
2 < s < 1. So if I (s, σv) is irreducible at s = 12 , I (s, σv) is not unitary at all except possibly at
s = −1,0,1, since I (s, σv) is reducible possibly only at s = −1,0,1. However, in an endoscopic
case (G2 is not a Levi subgroup of G), then I (s, σv) may be unitary for 12 < s < 1, even if
I (s, σv) is irreducible at s = 12 . In that case, I (s, σv) will be unitary for 0 < s < 1. An example
would be: let M = GL2 × SL2 and G = Sp6, σv = π1 ⊗ π20, where π1 = π(μ,1) and μ is
a non-trivial unramified quadratic character, and π20 = π2|SL2 , π2 = π(1,1). Then I (s, σv) =
Indμ| |s ⊗ | |s ⊗ 1. It is irreducible at s = 12 , and unitary for 0 < s < 1.
5. Review of root systems and Weyl groups
Since Dynkin’s notation for root systems is different from Bourbaki’s notation, we review
briefly Dynkin’s notation for exceptional groups and their Weyl groups from [King-Al].
5.1. Exceptional group of type F4
Let G be the exceptional group of type F4. Let V = R4 with e1, e2, e3, e4 the standard basis.
The positive roots are
ei ± ej , 1 i < j  4, ei , i = 1,2,3,4,
1
2
(e1 ± e2 ± e3 ± e4).
We take simple roots α1 = e2 − e3, α2 = e3 − e4, α3 = e4 and α4 = 12 (e1 − e2 − e3 − e4). Let
α0 = e1 − e2.
Let H be the subgroup of type B4, formed by the roots {α0, α1, α2, α3}. Let WG,WH be the
Weyl groups of G,H, respectively. Then we have a coset decomposition
WG =
3⋃
WHSγ ,γ=1
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Sγ :
⎛
⎜⎝
v1
v2
v3
v4
⎞
⎟⎠ −→ 12
⎛
⎜⎝
v1 + v2 + v3 + τv4
v1 + v2 − v3 − τv4
v1 − v2 + v3 − τv4
v1 − v2 − v3 + τv4
⎞
⎟⎠ .
5.2. Exceptional group of type E6
In the following E = R8 with e1, . . . , e8 the standard basis. Let G be the exceptional group of
type E6. Let V be the subspace of E orthogonal to e1 + e8 and e2 + e3 + · · · + e7. The positive
roots are:
e1 − e8, ei − ej , 2 i < j  7,
1
2
(e1 − e8 ± e2 ± e3 ± e4 ± e5 ± e6 ± e7) (3 + signs,3 − signs).
The simple roots are
α1 = e2 − e3, α2 = e3 − e4, α3 = e4 − e5, α4 = e5 − e6, α5 = e6 − e7,
α6 = 12 (e1 − e8 − e2 − e3 − e4 + e5 + e6 + e7).
Let α0 = e1 − e8.
Let H be the subgroup of type A1 × A5, formed by the roots {α0, α1, . . . , α5}. Then we have
a coset decomposition
WG =
36⋃
γ=1
WHSγ ,
where Sγ is given as follows: Sγ = id for γ = 1, and
Sγ v = 12
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 − vρ5 − vρ6 − vρ7
v1 + vρ2 − vρ3 − vρ4
v1 − vρ2 + vρ3 − vρ4
v1 − vρ2 − vρ3 + vρ4−v1 + vρ5 − vρ6 − vρ7−v1 − vρ5 + vρ6 − vρ7−v1 − vρ5 − vρ6 + vρ7
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,−v1 + vρ5 + vρ6 + vρ7
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ρ2 ρ3 ... ρ7
)
, and 2 ρ2 < ρ3 < ρ4  7, 2 ρ5 < ρ6 < ρ7  7;
Sγ v = 12
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
vρ2 − vρ7
2v1 + vρ2 + vρ7
vρ3 + vρ4 + vρ5 − vρ6
vρ3 + vρ4 − vρ5 + vρ6
vρ3 − vρ4 + vρ5 + vρ6−vρ3 + vρ4 + vρ5 + vρ6−2v1 + vρ2 + vρ7−vρ2 + vρ7
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where γ = 22,23, . . . ,36, ρ = ( 2 3 ... 7
ρ2 ρ3 ... ρ7
)
, and 2 ρ2 < ρ7  7, 2 ρ3 < ρ4 < ρ5 < ρ6  7.
5.3. Exceptional group of type E7
Let G be the exceptional group of type E7. Let V be the subspace of E orthogonal to e1 +
e2 + · · · + e8. The positive roots are:
ei − ej , 1 i < j  8,
1
2
(e1 ± e2 ± e3 ± e4 ± e5 ± e6 ± e7 ± e8) (4 + signs,4 − signs).
The simple roots are
α1 = e2 − e3, α2 = e3 − e4, α3 = e4 − e5, α4 = e5 − e6, α5 = e6 − e7, α6 = e7 − e8,
α7 = 12 (e1 − e2 − e3 − e4 − e5 + e6 + e7 + e8).
Let α0 = e1 − e2.
Let H be the subgroup of type A7, formed by the roots {α0, α1, . . . , α6}. Then we have a coset
decomposition
WG =
72⋃
γ=1
WHSγ ,
where Sγ is given as follows: Sγ = id for γ = 1, and
Sγ v = (−v8,−v7,−v6,−v5,−v4,−v3,−v2,−v1), for γ = 2;
Sγ v = 12
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 − vρ6 − vρ7 − vρ8
vρ2 − vρ3 − vρ4 − vρ5−vρ2 + vρ3 − vρ4 − vρ5−vρ2 − vρ3 + vρ4 − vρ5−vρ2 − vρ3 − vρ4 + vρ5−v1 + vρ6 − vρ7 − vρ8−v1 − vρ6 + vρ7 − vρ8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,−v1 − vρ6 − vρ7 + vρ8
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, and 2  ρ2 < ρ3 < ρ4 < ρ5  8, 2  ρ6 < ρ7 <
ρ8  8;
Sγ v = 12
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + vρ2 + vρ3 − vρ4
v1 + vρ2 − vρ3 + vρ4
v1 − vρ2 + vρ3 + vρ4
vρ5 + vρ6 + vρ7 − vρ8
vρ5 + vρ6 − vρ7 + vρ8
vρ5 − vρ6 + vρ7 + vρ8−vρ5 + vρ6 + vρ7 + vρ8−v1 + vρ2 + vρ3 + vρ4
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where γ = 38,39, . . . ,72, ρ = ( 2 3 ... 8
ρ2 ρ3 ... ρ8
)
, and 2  ρ2 < ρ3 < ρ4  8, 2  ρ5 < ρ6 < ρ7 <
ρ8  8.
5.4. Exceptional group of type E8
Let G be the exceptional group of type E8. Let V = E = R8. The positive roots are:
ei ± ej , 1 i < j  8,
1
2
(e1 ± e2 ± e3 ± e4 ± e5 ± e6 ± e7 ± e8) (even number of + signs).
The simple roots are
α1 = e2 − e3, α2 = e3 − e4, α3 = e4 − e5, α4 = e5 − e6, α5 = e6 − e7, α6 = e7 − e8,
α8 = e7 + e8, α7 = 12 (e1 − e2 − e3 − e4 − e5 − e6 − e7 + e8).
Let α0 = e1 − e2.
Let H be the subgroup of type D8, formed by the roots {α0, α1, . . . , α6, α8}. Then we have a
coset decomposition
WG =
135⋃
WHSγ ,γ=1
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Sγ v = 14
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
3v1 + vρ2 + vρ3 + · · · + vρ2a−1 − vρ2a − vρ2a+1 + · · · + vρ7 − vρ8
v1 + 3vρ2 − vρ3 + · · · − vρ2a−1 + vρ2a + vρ2a+1 + · · · + vρ7 + vρ8
v1 − vρ2 + 3vρ3 + · · · − vρ2a−1 + vρ2a + vρ2a+1 + · · · + vρ7 + vρ8
...
v1 − vρ2 − vρ3 + · · · + 3vρ2a−1 + vρ2a + vρ2a+1 + · · · + vρ7 + vρ8
v1 − vρ2 − vρ3 + · · · − vρ2a−1 + vρ2a + vρ2a+1 + · · · + vρ7 − 3vρ8
v1 − vρ2 − vρ3 + · · · − vρ2a−1 + vρ2a + vρ2a+1 + · · · − 3vρ7 + vρ8
...
v1 − vρ2 − vρ3 + · · · − vρ2a−1 + vρ2a − 3vρ2a+1 + · · · + vρ7 + vρ8−v1 + vρ2 + vρ3 + · · · + vρ2a−1 + 3vρ2a − vρ2a+1 + · · · − vρ7 − vρ8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where ρ = ( 2 3 ... 8
ρ2 ρ3 ... ρ8
)
, and
γ = 2, a = 1, 2 ρ2 < ρ3 < · · · < ρ8  8,
γ = 3,4, . . . ,23, a = 2, 2 ρ2 < ρ3  8, 2 ρ4 < ρ5 < · · · < ρ8  8,
γ = 24,25, . . . ,58, a = 3, 2 ρ2 < ρ3 < ρ4 < ρ5  8, 2 ρ6 < ρ7 < ρ8  8,
γ = 59,60, . . . ,65, a = 4, 2 ρ2 < ρ3 < · · · < ρ7  8, 2 ρ8  8.
Sγ v = 12
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + vρ2 + vρ3 + τvρ4
v1 + vρ2 − vρ3 − τvρ4
v1 − vρ2 + vρ3 − τvρ4
v1 − vρ2 − vρ3 + τvρ4
vρ5 + vρ6 + vρ7 + τvρ8
vρ5 + vρ6 − vρ7 − τvρ8
vρ5 − vρ6 + vρ7 − τvρ8
vρ5 − vρ6 − vρ7 + τvρ8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
where γ = 66,67, . . . ,135, τ = ±1, and ρ = ( 2 3 ... 8
ρ2 ρ3 ... ρ8
)
, and 2 ρ2 < ρ3 < ρ4  8, 2 ρ5 <
ρ6 < ρ7 < ρ8  8.
6. Proof of Proposition 4.6
In order to prove Proposition 4.6(1), we look at case by case using the table of Weyl groups
in Section 5.
Consider E6-1. Then G2 is the Levi subgroup A5 and M2 is A2 ×A2. Here
α˜3 = 12 (3e1 + e2 + e3 + e4 − e5 − e6 − e7 − 3e8) =
1
2
(3,1,1,1,−1,−1,−1,−3),
α˜G2 = e1 − e8 = (1,0,0,0,0,0,0,−1),
α˜M2 = e2 + e3 + e4 − e5 − e6 − e7 = (0,1,1,1,−1,−1,−1,0).
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( 2 3 4 5 6 7
5 6 7 2 3 4
)
.
More explicitly, w˜ sends
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 − v2 − v3 − v4
v1 + v5 − v6 − v7
v1 − v5 + v6 − v7
v1 − v5 − v6 + v7
−v1 + v2 − v3 − v4
−v1 − v2 + v3 − v4
−v1 − v2 − v3 + v4
−v1 + v2 + v3 + v4
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Consider E7-1. Then G2 = D6,M2 = A2 ×A3 (case D6-3). Here
α˜4 = 3e1 − e6 − e7 − e8 = (3,0,0,0,0,−1,−1,−1),
α˜G2 = e1 − e8 = (1,0,0,0,0,0,0,−1),
α˜M2 =
1
4
(3e1 + e2 + e3 + e4 − 3e5 − 3e6 − 3e7 + 3e8) = 14 (3,1,1,1,−3,−3,−3,3),
where D6 corresponds to the sub-diagram formed by Δ − {α6}. So under this identification, we
have α˜M2 = α1 + 2α2 + 3(α3 + α4)+ 32 (α5 + α7).
In the notation of [King-Al], w˜ = w3w2w1 is the following:
w1 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + v2 + v3 − v4
v1 + v2 − v3 + v4
v1 − v2 + v3 + v4
v5 + v6 + v7 − v8
v5 + v6 − v7 + v8
v5 − v6 + v7 + v8
−v5 + v6 + v7 + v8
−v1 + v2 + v3 + v4
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, w2 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−v8
−v7
−v6
−v5
−v4
−v3
−v2
−v1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
w3 =
(
2 3 4 5 6 7 8
8 2 3 4 5 6 7
)
.
Consider E7-3. Then G2 = D6,M2 = D5 (case D6-1). Here
α˜2 = 12 (3e1 + e2 + e3 − e4 − e5 − e6 − e7 − e8) =
1
2
(3,1,1,−1,−1,−1,−1,−1),
α˜G2 = e1 − e8 = (1,0,0,0,0,0,0,−1),
α˜M2 =
1
4
(e1 + 3e2 − e3 − e4 − e5 − e6 − e7 + e8) = 14 (1,3,−1,−1,−1,−1,−1,1),
where α˜M2 = α1 + α2 + α3 + α4 + 12 (α5 + α7).
In the notation of [King-Al], w˜ is the following:
w˜ =
(
1 2 3 4 5 6 7 8
2 1 8 3 4 5 6 7
)
.
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α˜5 = 2e1 − e7 − e8 = (2,0,0,0,0,0,−1,−1),
α˜G2 = e1 − e8 = (1,0,0,0,0,0,0,−1),
α˜M2 =
1
2
(e1 − 2e7 + e8) = 12 (1,0,0,0,0,0,−2,1),
where α˜M2 = 12 (α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α7).
In the notation of [King-Al], w˜ = w2w1 is the following:
w1 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−v8
−v7
−v6
−v5
−v4
−v3
−v2
−v1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, w2 =
(
2 3 4 5 6 7 8
8 3 4 5 6 2 7
)
.
Consider E8-1. Then G2 = E7,M2 = A4 ×A2 (case E7-2). Here
α˜5 = 5e1 + e2 + e3 + e4 + e5 + e6 = (5,1,1,1,1,1,0,0),
α˜G2 = e1 + e2 = (1,1,0,0,0,0,0,0),
α˜M2 =
1
2
(3e1 − 3e2 + 2e3 + 2e4 + 2e5) = 12 (3,−3,2,2,2,0,0,0),
where E7 corresponds to the sub-diagram formed by Δ − {α1}. So under this identification, we
have α˜M2 = 12 (5α2 + 10α3 + 15α4 + 18α5 + 12α6 + 6α7 + 9α8).
In the notation of [King-Al], w˜ = w2w1 is the following:
w1 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + v6 + v7 + v8
v1 + v6 − v7 − v8
v1 − v6 + v7 − v8
v1 − v6 − v7 + v8
v2 + v3 + v4 + v5
v2 + v3 − v4 − v5
v2 − v3 + v4 − v5
v2 − v3 − v4 + v5
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, w2 = c2c8.
Consider E8-4. Then G2 = E7,M2 = E6 (case (xxxi) in [La]). Here
α˜2 = 2e1 + e2 + e3 = (2,1,1,0,0,0,0,0),
α˜G2 = e1 + e2 = (1,1,0,0,0,0,0,0),
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1
2
(e1 − e2 + 2e3) = 12 (1,−1,2,0,0,0,0,0),
where α˜M2 = 12 (3α2 + 4α3 + 5α4 + 6α5 + 4α6 + 2α7 + 3α8).
In the notation of [King-Al], w˜ = (13)c2c4, identified as a Weyl group element of SO16.
Consider E8-5. Then G2 = E7,M2 = A6 (case (xi) in [La]). Here
α˜6 = 12 (7e1 + e2 + e3 + e4 + e5 + e6 + e7 − e8) =
1
2
(7,1,1,1,1,1,1,−1),
α˜G2 = e1 + e2 = (1,1,0,0,0,0,0,0),
α˜M2 =
1
2
(2e1 − 2e2 + e3 + · · · + e8) = 12 (2,−2,1,1,1,1,1,1),
where α˜M2 = 12 (3α2 + 6α3 + 9α4 + 12α5 + 8α6 + 4α7 + 7α8).
In the notation of [King-Al], w˜ = w3w2w1 is the following:
w1 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + v2 + v3 − v4
v1 + v2 − v3 + v4
v1 − v2 + v3 + v4
v1 − v2 − v3 − v4
v5 + v6 + v7 − v8
v5 + v6 − v7 + v8
v5 − v6 + v7 + v8
v5 − v6 − v7 − v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, w2 :
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1
v2
v3
v4
v5
v6
v7
v8
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−→ 1
2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
v1 + v6 + v7 − v8
v1 + v6 − v7 + v8
v1 − v6 + v7 + v8
v1 − v6 − v7 − v8
v2 + v3 + v4 − v5
v2 + v3 − v4 + v5
v2 − v3 + v4 + v5
v2 − v3 − v4 − v5
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
w3 = (15)(26)(37)(48)c6c8.
Consider F4-2. Then G2 = B3,M2 = A2. Here
α˜3 = 12 (3e1 + e2 + e3 + e4) =
1
2
(3,1,1,1),
α˜G2 = e1 = (1,0,0,0),
α˜M2 =
1
2
(e2 + e3 + e4) = 12 (0,1,1,1),
where B3 corresponds to the sub-diagram formed by Δ − {α4}. So under this identification, we
have α˜M2 = 12 (α1 + 2α2 + 3α3).
In the notation of [King-Al], w˜ = w3w2w1 is the following:
w1 = (14), w2 :
⎛
⎜⎝
v1
v2
v3
v4
⎞
⎟⎠ −→ 12
⎛
⎜⎝
v1 + v2 + v3 − v4
v1 + v2 − v3 + v4
v1 − v2 + v3 + v4
v1 − v2 − v3 − v4
⎞
⎟⎠ , w3 = c4.
Remark. Proposition 4.6 is valid for Bn-1, Dn-1, Dn-2, Dn-3 cases. In these cases, G2 is not
a maximal Levi subgroup of G, but the derived group of a maximal Levi subgroup of G is
SLk × (the derived group of G2). Hence we need to modify Proposition 4.6 slightly to take GLk
factor into account.
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rise to the Rankin–Selberg L-function of GLk × GSpin(2l + 1); r2 gives rise to the twisted
symmetric square L-function of GLk .
Let Ak−1 ×Bl ⊂ Bn, n = k + l, with the Dynkin diagram
o1 —– o2 —– o3 · · ·on−2 —– on−1 ⇒ on.
Then G2 is Bk ⊂ Al−1 × Bk ⊂ Bn and M2 is Ak−1. Here Bk corresponds to the sub-diagram
formed by {αn−k+1, . . . , αn}. Under this identification, α˜M2 = 12 (αn−k+1 + 2αn−k+2 + · · · +
kαn) = 12 (en−k+1 + · · · + en). And we have α˜G2 = e1 + · · · + el , α˜ = e1 + · · · + ek . Take w˜
to be any Weyl group element which sends e1 + · · · + ek to en−k+1 + · · · + en.
Remark. Suppose we are in the cases of Proposition 4.4 (M2 is a non-self-conjugate maximal
Levi subgroup of G2), or endoscopic cases in Proposition 4.5 (M2 is a self-conjugate maximal
Levi subgroup of G2 but G2 is not a Levi subgroup of G). Then G2 is an endoscopic subgroup
of G, i.e., a subgroup of G which comes from extended Dynkin diagram. In this case, we need
an analogue of Proposition 4.3 for endoscopic induction.
Remark. Suppose i  3. Then Mi is always a non-self-conjugate maximal parabolic subgroup
of Gi and dim ri > 1. Hence L(s,σ, ri) is entire for i  3. On the other hand, (G1,M1) is non-
self-conjugate only for two cases; E6-2 and (xxiv) in [La].
Note that (Gi ,Mi ), i  3, is parabolic, i.e., the Dynkin diagram of Gi is embedded in the
Dynkin diagram of G, except for the following 4 cases: G4 of F4-1 (G4 = A3, M4 = A2); G3 of
E8-2 (G3 = A8, M3 = A4 × A3); G3 of E8-5 (G3 = A8, M3 = A1 × A6); G3 of (xiii) in [La]
(A7 ⊂ E8; G3 = A8, M3 = A7).
7. Poles of L-functions
Combining Proposition 4.6 and the result on Assumption (A) in [Ki3], we have
Theorem 7.1. The following L-functions are holomorphic except possibly at s = 0, 12 ,1, if the
cuspidal representations are globally generic and have one tempered spherical component.
(1) E6-1, E7-1, E8-1, respectively; The triple L-functions of GL2 × GL3 × GLm, m = 3,4,5,
respectively.
(2) E7-4; L(s,π1 ⊗ π2, ρ2 ⊗∧2 ρ6), where π1,π2 are cuspidal representations of GL2(A),
GL6(A), respectively.
(3) E8-5; L(s,π1 ⊗ π2, ρ2 ⊗∧2 ρ7), where π1,π2 are cuspidal representations of GL2(A),
GL7(A), respectively.
(4) F4-2; L(s,π1 ⊗ π2, ρ2 ⊗ Sym2 ρ3), where π1,π2 are cuspidal representations of GL2(A),
GL3(A), respectively.
Remark. In the cases of E6-1, E7-1, E8-1, because of the functorial product, we have a bet-
ter result. Namely, L(s,σ, r1) is holomorphic except possibly at s = 0,1, without assuming
one tempered spherical component. The reason is as follows: L(s,σ, r1) = L(s,π1 × π2 × π3),
where π1,π2,π3 are cuspidal representations of GL2,GL3,GLm, respectively m = 3,4,5. Then
L(s,π1 × π2 × π3) = L(s, (π1  π2)× π3), where π1  π2 is the functorial product which is an
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of the Rankin–Selberg L-functions of GLa × GLb .
By applying Theorem 4.2 and the result on Assumption (A) [Ki-Sh3], we have
Theorem 7.2. Suppose π is a cuspidal representation of GL6(A) such that πv is a spherical
tempered representation and ωπv = 1. Then L(s,π,
∧3
ρ6), the exterior cube L-function of the
cuspidal representation π of GL6(A), is holomorphic except possibly at s = 0, 12 ,1.
Proof. This is the case (x) in [La]. We can apply Theorem 4.2 since L(s,πv, r2) = L(s,ωπv ) has
a pole at s = 0. 
In [Ki-Sh3], we proved that L(s,π,∧3 ρ6) is entire if π is a cuspidal representation of
PGL6(A) with one supercuspidal component.
Under Assumption (A), we have
Theorem 7.3. Suppose Assumption (A) holds. The following L-functions are holomorphic ex-
cept possibly at s = 0, 12 ,1, if the cuspidal representations are globally generic, and have one
tempered spherical component;
(1) (xviii) in [La]; the degree 14 L-function of GSpin(7), known as spherical harmonic of
Sp6(C),
(2) (xxvi) in [La]; the degree 32 spin L-function of a generic cuspidal representation π of
GSO12(A),
(3) (xxxii) in [La]; the standard L-function of E7,
(4) E7-3; the L-function L(s,π1 ⊗ π2, ρ2 ⊗ Spin16), where π1 is a cuspidal representation of
GL2(A), π2 is a generic cuspidal representation of GSO10(A), and Spin16 is the 16 dimen-
sional half-spin representation of Spin(10,C),
(5) E8-4; the L-function L(s,π1 ⊗ π2, ρ2 ⊗ ρE6), where π1 is a cuspidal representation
of GL2(A), π2 is a cuspidal representation of GE6(A), and ρE6 is the standard represen-
tation of E6(C).
Under Assumption (A), we can also prove the cases Bn-1, Dn-1; the Rankin–Selberg
L-function L(s,π1 × π2), where π1 is a cuspidal representation of GLk(A), π2 is a cuspidal
representation of GSpin(2l + 1)(A) or GSpin(2l)(A), respectively.
We strengthen [Ki2, Theorem 3.7].
Lemma 7.4. Let σv ⊗ τv be a spherical tempered representation of GLk(Fv) × Sp2l (Fv) such
that σv is self-contragredient, k > 2 and Fv has residual characteristic greater than 2. Then
I (s, σv ⊗ τv) is not unitary for 12 < s < 1.
Proof. We proved this in [Ki2] under the condition that σv has a trivial central character. Let
σv = π(μ1, . . . ,μk), where μi ’s are unramified characters. We only have to prove that there ex-
ists a pair μi,μj , i = j , such that μ−1i = μj . Since σv is self-contragredient, {μ−11 , . . . ,μ−1k } =
{μ1, . . . ,μk}. Suppose μ−11 = μ1, . . . ,μ−1k = μk . There are only two unramified quadratic char-
acters of F×v since Fv has residual characteristic > 2. Hence μ−1i = μj for some i = j . 
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that σv ⊗ τv is spherical and tempered, k > 2 and Fv has residual characteristic > 2. Then the
completed L-function L(s,σ × τ) is holomorphic except possibly at s = 0, 12 ,1.
Proof. In [Ki2], we proved this on the condition that the set of spherical tempered places has
lower Dirichlet density great than 12 . We needed the condition because we needed the fact that
σv has the trivial central character. However, the above lemma removes that condition. 
8. Some results without the tempered condition
In this section, we examine what can be said without the tempered assumption. In [Ki4],
we have shown that the Rankin–Selberg L-functions of GLk × SO2l+1 are holomorphic for
Re(s) > 1 in general without the tempered assumption. The Langlands functoriality from clas-
sical groups to GLN provides much stronger results that the Rankin–Selberg L-functions of
GLk × Gl are holomorphic except possibly at s = 0,1, where Gl = Sp2l , SO2l+1 or SO2l . By
unitary dual technique, we can prove
Theorem 8.1. Let σ ⊗τ be a globally generic cuspidal representation of GLk(A)×Gl(A), where
Gl = Sp2l or SO2l . Then the completed L-function L(s,σ × τ) is holomorphic for s > 1.
Proof. Let σv ⊗ τv to be a spherical local component. Then by applying the technique in [Ki2],
we only need to show that the quotient of the induced representation I (s, σv ⊗ τv) is not unitary
for s > 1. We note that Assumption (A) is verified in [Ki2] for these cases. Since σv, τv are
generic, unitary, they can be written as follows (genericity implies that they are full induced
representations [Ta,Li]; unitarity implies the bound on exponents [Ta,Yo]):
σv = Indμ1| |α1 ⊗ · · · ⊗μr | |αr ⊗ ν1 ⊗ · · · ⊗ νq ⊗μr | |−αr ⊗ · · · ⊗μ1| |−α1 ,
τv = Indη1| |β1 ⊗ · · · ⊗ ηl | |βl ⊗ π,
I (s, σv ⊗ τv) = Indμ1| |s+α1 ⊗ · · · ⊗μr | |s+αr ⊗ ν1| |s ⊗ · · · ⊗ νq | |s
⊗μr | |s−αr ⊗ · · · ⊗μ1| |s−α1 ⊗ η1| |β1 ⊗ · · · ⊗ ηl | |βl ,
where π is the unique generic constituent of the unitary principal series Ind ηl+1 ⊗ · · · ⊗ ηp ,
and 0 < αr  · · · α1 < 12 , 0 < βl  · · · β1 < 1, and μ1, . . . ,μr , ν1, . . . , νq, η1, . . . , ηl, ηl+1,
. . . , ηp are unramified unitary characters.
Then for s > 1, I (s,χv ⊗ τv) is reducible if and only if s = 1 ± αi ± βj and μiη±1j = 1. We
show that the quotient is not unitary for s > 1. Barbasch and Moy have determined spherical
unitary dual [B-M1], and our result may follow from theirs.
From this on until the end of the proof of Theorem 8.1, all the groups are defined over a p-adic
field and we consider spherical representations of p-adic groups. We use the following notation:
Let χ be an unramified unitary character of T in a split group G and Λ ∈ a∗ = X(T )F ⊗ R and
χ ′ = Λ ⊗ χ . Then the induced representation I (Λ,χ) = IndGB χ ′ is defined. It has the unique
spherical irreducible subquotient, denoted by π(Λ,χ). In our case,
χ = χ(μ1, . . . ,μr , ν1, . . . , νq,μr, . . . ,μ1, η1, . . . , ηp),
Λ = (s + α1, . . . , s + αr, s, . . . , s, s − αr, . . . , s − α1, β1, . . . , βl,0, . . . ,0).
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groups. We first reduce to the case when χ = 1.
Lemma. (See [B-M2].) Let Gn = Sp2n, or O2n, and let χ be an unramified character, given by
χ = χ(μ1, . . . ,μ1︸ ︷︷ ︸
r1
, . . . ,μk, . . . ,μk︸ ︷︷ ︸
rk
),
where r1 +· · ·+rk = n, and μi ’s are distinct unramified characters. Let I (Λ,χ) be the principal
series. Then π(Λ,χ) is unitary if and only if π(Λi,1) is unitary for i = 1, . . . , k, where π(Λi,1)
is the unique spherical irreducible subquotient of IndG
′
i
B Λi , and G′1 ×· · ·×G′k is the endoscopic
group such that LG′1 × · · · × LG′k is the centralizer of χ() in LG. Here G′i is either GLa , O2a
or Sp2a .
Proof. Barbasch–Moy results are for connected groups with connected center. However, as in
the proof of Theorem 4.2, by using [Li], we can prove our assertion. 
Continuing our proof of Theorem 8.1, by the above lemma, it is enough to assume that χ = 1
and G = GLn, or Sp2n,O2n. For these cases, we follow the proof of Proposition 3.2 in [Ki4] for
the case of SO2n+1 line by line. 
Proposition 8.2. Let π be a cuspidal representation of GLn(A). Then the exterior square
L-function and symmetric square L-function L(s,π,Sym2),L(s,π,∧2) are holomorphic for
Re(s) 1 except possibly at s = 1, and non-vanishing for Re(s) 1.
Proof. We use the same notation as in [Ki4, Proposition 4.3]. We need to show that the quotient
of I (s, σv) is not unitary for Re(s) > 1. If it is irreducible, it is not unitary by Yoshida’s result
(cf. [Ki2, Theorems 2.3 and 2.5]). For Re(s) > 1, it is reducible if and only if s = 1 + αi + αj ,
where 1 i  j  r . The Iwahori–Matsumoto involution of the quotient is of the form
Indμ1| |r1 ⊗ · · · ⊗μk| |rk ⊗ St,
where St is the Steinberg representation of GL2 or SO3. Hence by [LMT], it cannot be unitary.
For the non-vanishing, we use the identity L(s,π × π) = L(s,π,Sym2)L(s,π,∧2). We
know that L(s,π × π) is non-vanishing for Re(s) 1. Hence the holomorphy implies the non-
vanishing. 
Proposition 8.3. Let π be a cuspidal representation of GLn(A), and χ a grössencharacter
of F . Then the twisted exterior square L-function and twisted symmetric square L-function
L(s,π,Sym2 ⊗χ),L(s,π,∧2 ⊗χ) are holomorphic for Re(s) > 1 and non-vanishing for
Re(s) 1.
Proof. Let Spin(2n + 1),Spin(2n) be the simply connected split group of type Bn,Dn, respec-
tively. They are two-fold covering groups of SO2n+1,SO2n, respectively. Since the unitarity is
preserved in the isogeny class, our result follows from the proof of Proposition 8.2. 
Remark 8.4. We would like to make corrections in our previous papers.
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for Re(s) > 1. It is not true. However, the quotient is not unitary as we have shown above.
(2) In [Ki2, Corollary 2.8], we claimed that the L-function L(s,σ × τ) is absolutely convergent
for Re(s) > 32 . If we use the functoriality of classical groups, then L(s,σ × τ) becomes the
Rankin–Selberg L-function for GLk × GLN , which is absolutely convergent for Re(s) > 1.
(3) In [Ki2, Lemma 3.3] and [CKM, Lemma 12.10], the reference to [Ro] is wrong. It should be
due to Clozel [Cl, Theorem 1B].
(4) In [Ki1, Proposition 3.1], we claimed that [J-S] proved that LS(s,π,∧2) is absolutely con-
vergent for Re(s) > 1. But it is not proved there. We do not know its proof if π is a cuspidal
representation of GLn, n 5.
(5) In [Ki4, Theorem 3.5], we claimed that L(s,σ ×τ) has at most a simple pole at s = 1 without
proof. The proof is in [Ki-Sh4].
Remark 8.5. Let π1,π2 be cuspidal representations of GL2(A),GL3(A) with central characters
ωπ1,ωπ2 , respectively. Then we have a functorial product Π = π1  π2 [Ki-Sh1]. It is an auto-
morphic representation of GL6(A). We assume that it is cuspidal. We consider the exterior cube
L-function of Π (case (x) in [La]). By standard unramified calculation, we see that
LS
(
s,Π,
∧3)= LS(s,π1,Sym3 ⊗ωπ2)LS(s,π1 ⊗ π2, (ρ2 ⊗ωπ1)⊗ Ad),
where Ad is the 8-dimensional adjoint representation of GL3(C). Hence the analytic continuation
and the functional equation of L(s,Π,
∧3
) imply those of for L(s,π1 ⊗ π2, (ρ2 ⊗ωπ1)⊗ Ad).
We can get the same result from the relation
LS(s,π1 × π2 × π˜2) = LS(s,π1 ⊗ π2, ρ2 ⊗ Ad)LS(s,π1).
Acknowledgments
I would like to thank Prof. F. Shahidi for many discussions. The main result of this paper was
obtained at the Institute for Advanced Study in the special year 1999–2000 in the Theory of Au-
tomorphic Forms and L-functions. I would like to thank the organizers, E. Bombieri, H. Iwaniec,
R.P. Langlands, and P. Sarnak for inviting me to participate in the special year. I would like
to thank Erez Lapid for many discussions. His question regarding the 9th symmetric power L-
function led to the proof of Proposition 3.2. Thanks are due to the referees who gave many
comments and corrections.
References
[B-M2] D. Barbasch, A. Moy, Reduction to real infinitesimal character in affine Hecke algebras, J. Amer. Math.
Soc. 6 (3) (1993) 611–635.
[B-M1] D. Barbasch, A. Moy, Unitary spherical spectrum for p-adic classical groups, Acta Appl. Math. 44 (1996)
3–37.
[Ca] R.W. Carter, Simple Groups of Lie Type, John Wiley & Sons, 1972.
[Ca-Sh] W. Casselman, F. Shahidi, On irreducibility of standard modules for generic representations, Ann. Sci. École
Norm. Sup. 31 (1998) 561–589.
[Cl] L. Clozel, On limit multiplicities of discrete series representations in spaces of automorphic forms, Invent.
Math. 83 (1986) 265–284.
[CKM] J. Cogdell, H. Kim, R. Murty, Lectures on Automorphic L-Functions, Fields Inst. Monogr., vol. 20, Amer.
Math. Soc., 2004.
376 H.H. Kim / Journal of Number Theory 128 (2008) 354–376[CKPSS] J. Cogdell, H. Kim, I. Piatetski-Shapiro, F. Shahidi, Functoriality for the classical groups, Publ. Math. Inst.
Hautes Études Sci. 99 (2004) 163–233.
[Gi1] D. Ginzburg, On spin L-functions for orthogonal groups, Duke Math. J. 77 (1995) 753–780.
[Gi2] D. Ginzburg, On standard L-functions for E6 and E7, J. Reine Angew. Math. 465 (1995) 101–131.
[J-S] H. Jacquet, J. Shalika, Exterior square L-functions, in: Automorphic Forms, Shimura Varieties, and L-
functions, Vol. II, Ann Arbor, MI, 1998, Academic Press, 1990, pp. 143–226.
[Ke] D. Keys, Reducibility of unramified unitary principal series representations of p-adic groups and class-1
representations, Math. Ann. 260 (1982) 397–402.
[Ki1] H. Kim, Langlands–Shahidi method and poles of automorphic L-functions: Application to exterior square
L-functions, Canad. J. Math. 51 (1999) 835–849.
[Ki2] H. Kim, Langlands–Shahidi method and poles of automorphic L-functions II, Israel J. Math. 117 (2000).
[Ki4] H. Kim, Residual spectrum of odd orthogonal groups, Int. Math. Res. Not. 17 (2001) 873–906.
[Ki3] H. Kim, On local L-functions and normalized intertwining operators, Canad. J. Math. 57 (2005) 535–597.
[Ki-Sh2] H. Kim, F. Shahidi, Symmetric cube L-functions for GL2 are entire, Ann. of Math. 150 (1999) 645–662.
[Ki-Sh1] H. Kim, F. Shahidi, Functorial products for GL2 × GL3 and symmetric cube for GL2, Ann. of Math. 155
(2002) 837–893.
[Ki-Sh5] H. Kim, F. Shahidi, Cuspidality of symmetric powers with applications, Duke Math. J. 112 (2002) 177–197.
[Ki-Sh3] H. Kim, F. Shahidi, On the holomorphy of certain L-functions, in: Contributions to Automorphic Forms,
Geometry, and Number Theory, Johns Hopkins Univ., 2004, pp. 561–572.
[Ki-Sh4] H. Kim, F. Shahidi, On simplicity of poles of automorphic L-functions, J. Ramanujan Math. Soc. 19 (2004)
267–280.
[Ki-Sh6] H. Kim, F. Shahidi, Holomorphy of the 9th symmetric power L-functions for Re(s) > 1, Int. Math. Res. Not.
(2006) 1–7.
[King-Al] R.C. King, A.H. Al-Qubanchi, The Weyl groups and weight multiplicities of the exceptional Lie groups,
J. Phys. A: Math. Gen. 14 (1981) 51–75.
[La] R.P. Langlands, Euler Products, Yale Univ. Press, 1971.
[LMT] E. Lapid, G. Muic´, M. Tadic´, On the generic unitary dual of quasi-split classical groups, Inst. Math. Res.
Not. 26 (2004) 1335–1354.
[Li] J.S. Li, Some results on the unramified principal series of p-adic groups, Math. Ann. 292 (1992) 747–761.
[Mu] G. Muic´, The unitary dual of p-adic G2, Duke Math. J. 90 (1997) 465–493.
[Ro] J. Rogawski, Representations of GL(n) and division algebras over a p-adic field, Duke Math. J. 50 (1983)
161–196.
[Ta] M. Tadic´, Classification of unitary representations in irreducible representations of general linear group (non-
Archimedean case), Ann. Sci. École Norm. Sup. 19 (1986) 335–382.
[Sh1] F. Shahidi, On the Ramanujan conjecture and finiteness of poles for certain L-functions, Ann. of Math. 127
(1988) 547–584.
[Sh2] F. Shahidi, A proof of Langlands conjecture on Plancherel measures; Complementary series for p-adic groups,
Ann. of Math. 132 (1990) 273–330.
[Sh3] F. Shahidi, Poles of intertwining operators via endoscopy: The connection with prehomogeneous vector
spaces, with an appendix by Diana Shelstad, Compos. Math. 120 (2000) 291–325.
[Vo] D. Vogan, Unitarizability of certain series of representations, Ann. of Math. 120 (1984) 141–187.
[Yo] H. Yoshida, On the unitarizability of principal series representations of p-adic Chevalley groups, J. Math.
Kyoto Univ. 32 (1) (1992) 155–233.
